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The generality of inflation in closed cosmological models with some
quintessence potentials
S. A. Pavluchenko
Sternberg Astronomical Institute, Moscow State University, Moscow 119992, Russia
We have investigated the generality of inflation (the probability of inflation in other words) in
closed FRW models for a wide class of quintessence potentials. It is shown that inflation is not
suppressed for most of them and for a wide enough range of their parameters. It allows us to decide
inflation is common enough even in the case of closed Universe.
PACS numbers: 98.80.Bp, 98.80.Cq, 11.25.-w
I. INTRODUCTION
Recent observations of the supernovae type Ia [1, 2]
combined with the CMB data [3] and the data on large
scale structure [4] provide us with evidence our Universe
is accelerating. One can explain it via a presence of the
small positive Λ-term (cosmological constant). Here we
have a deal with one of kinds of the dynamical Λ-term
namely quintessence (see for review [5, 6, 7] ). It can
explain the stage of inflation expansion [8] and accelera-
tion nowadays, this is the reason for improving interest
for it recently. But the theories with the scalar field as
a source of expansion have a free parameter – the po-
tential of this scalar field. Yes, there were attempts to
restore kind of the potential from SN Ia observations [9],
but they did not give us an answer to our question about
an exact kind of the potential. So one have a deal with
different potentials of the scalar field in different areas of
physics, not in the cosmology only. And the aim of this
paper is the test of some of these potentials, attracted an
attention recently. Namely we want to study the degree
of inflationarity in Friedman-Robertson-Walker (FRW)
models with different scalar field potentials motivated by
particle physics, galaxies rotation curves, etc.
Saying the degree of inflationarity we mean the ratio
of number of solutions experienced inflation to number
of all possible ones. And saying about the number of
solutions we mean not exact number – there is infinite
number of all possible solutions – but the number one
can obtain using evenly distributed net on the space of
initial conditions. But choosing this net we are really
choosing the measure on the initial conditions space and
after doing it we can speak about the probability – very
ratio is the probability of inflation for our model in the
sense of measure we chose. So if this ratio is small enough
for some potentials one can decide in the model with this
potential the inflation is suppressed.
Here we work with closed models – curvature is the pa-
rameter which is ”forgotten” during inflation, but before
inflation curvature had acted very strongly so presence of
nonzero curvature will change the probability of inflation.
By the way, recent CMB data [3] show Ω0 = 1.02± 0.02
(but such a models – closed FRW – have some prob-
lems [10]) In the case of initially open or flat Universe
the scale factor of the Universe a cannot pass through
extremum points. In this case all the trajectories start-
ing from a sufficiently large initial value of the scalar
field ϕ0 reach a slow-roll regime and experience inflation.
Here we call as trajectory the evolution curve of the Uni-
verse in some coordinates (for example (a,t) or as in [13]
(a,f)). If we start from the Planck energy a measure of
non-inflating trajectories for a scalar field with the mass
m is about m/mP . From observational reasons, this ra-
tio is about 10−5 so almost all trajectories lead to the
inflationary regime. However, positive spatial curvature
allows a trajectory to have a point of maximal expansion
and results in increasing the measure of non-inflating tra-
jectories ([11, 12]).
The structure of the paper is following: first we write
down main equations and introduce our measures. Then
we have a deal with different potentials, motivated by ob-
servation and by particle physics and attracted an atten-
tion last years. For all of them we say some words about
their origins with corresponding references and give the
results for the degree of inflationarity in FRW models
filled with the scalar field with these potentials.
II. MAIN EQUATIONS
Here we follow [14, 15]. The equations describing the
evolution of the Universe in closed FRW model are
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and the first integral of the system is
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.
Now we need to introduce parametrization – it de-
termines the measure we use. For the FRW case the
most common view of the trigonometrical (angular)
parametrization (φ,H) is
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FIG. 1: Examples of the areas on the initial conditions space which lead to inflation (grey dots) and don’t lead (black ones).
Figs (a)–(c) correspond to the case of the inverse power-law potential, (d) – to the exponential potential and (e)–(f) – to the
FCDM potential (see Sec. III F.) – field parametrization (see text for details).
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Here we have two dimensionless parameters: φ and the
initial value of Hubble parameter H . This parametriza-
tion is very suitable for the potentials like power-law but
unapplicable for example in the case of the complex scalar
field [14, 15]. In [14, 15] we have introduced another
parametrization – field one (ϕ,H). It is determined as
following – we will use initial value of the field ϕ instead
of φ and second coordinate is the same – initial value
of the Hubble parameter H . This parametrization also
have a disadvantage – it’s unapplicable for example for
the runaway potentials.
Also we need to introduce the Planck boundary
V (ϕ) +
ϕ˙2
2
= m4P .
And our work is following: starting from the Planck
boundary for given pair of the initial conditions ((φ,H)
or (ϕ,H)) we numerically calculate further evolution of
the Universe to get an answer – will our Universe expe-
rience inflation or not. Here we don’t check 60 e-foldings
so when the scale factor increase in 105 times, we call it
as inflation (also we are checking for equation of state –
during inflation the scalar field must violate the strong
energy condition). And doing scans on all possible val-
ues of the initial conditions (with measure used we have
bounded area of initial conditions) we get the ratio of
the inflation solutions to all ones – the probability of in-
flation in some sense (one can use both the probability
of inflation for the model with given potential and the
degree of inflationarity of the model with given potential
to call very ratio).
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FIG. 2: Inverse power-law potential: the dependence of the
degree of inflationarity on the power q. I corresponds to the
case M ∼ mP , II – M ∼ 0.7 mP and III – M ∼ 0.4 mP .
III. POTENTIALS
Before telling about the potentials we use, let us note –
most of analysis’ given in references are made for the
case of flat Universe. Well, we are living now in a flat
(with good precision) Universe and so we have a deal
with quintessence in flat Universe. But our Universe is
flat due to the inflation and before inflation it could be
curved. As we already noted above, here we have a deal
with closed Universe.
In this paper we will use normalization m2P /16pi ≡ 1
and one needs to keep it in mind while recalculating all
values (like parameters in potentials, etc.) to more com-
mon quantities.
A. Power-law potentials
Power-law potentials [13] are the potentials like
V (ϕ) =
λφn
n
, n ≥ 2.
These potentials are well-studied and they lead to
”chaotic inflation” [21]. One can really use them as ”in-
flation part” in the potentials like ones considered by
Peebles and Vilenkin [22]. Also they attract an attention
for some their properties [19, 26].
The degree of inflationarity for such potentials was
studied in our previous papers [14, 15, 16], so here we
will present results only. In the case n = 2 we have
about 47% inflation solution in the case of field measure
and about 63% in the case of angular measure. Increas-
ing n will decrease the inflationarity in the case of field
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FIG. 3: Exponential potential: the dependence of the degree
of inflationarity on λ. To recalculate λ to more common values
one needs to keep in mind m2P /16pi ≡ 1.
parametrization and will not change it for the angular
parametrization ([16]) – in the angular measure 63% of
all possible solutions experience inflation for n = 2, 4, 6, 8.
And in the field measure we have about 30% for n = 4,
22% for n = 6 and 17% for n = 8. Damour-Mukhanov
potential [18] behaves itself like power-law potentials in
this sense and the probability of inflation is about 63%
in the case of the angular measure and not less then 47%
in the case of the field one (for discussion see [16]).
B. Inverse power-law potentials
Pioneering studies of the inverse power-law potentials
have been done by Ratra and Peebles [20]. These poten-
tials are like [32]
V (φ) = M (4+q)ϕ−q.
Potentials of such a kind mostly studied for their
scaling properties [19] and with some problems with
quintessence [26], but also they appear in some SUGRA
theories as well [27].
Here we examine potentials with large enough val-
ues of M – really, for small ”observed” values [22] we
obtained that inflationary solutions are not experience
enough number of e-foldings. And it occurs just because
of we have a deal with closed model – it naturally de-
crease number of inflationary solutions.
One of the ways to get large value of M at the infla-
tion stage and small one nowadays is to considerM as not
an exact constant but as slowly varing (namely decreas-
ing). It would not change significantly during inflation
but from inflation to nowadays can.
40.0 50.0 100.0 150.0
α
0.0
20.0
40.0
60.0
80.0
N
0.0 10.0 20.0 30.0
α
0.0
20.0
40.0
60.0
80.0
N
a) b)
FIG. 4: ZWS potential: the dependence of the degree of inflationarity on α for V0 ∼ 4 × 10
−4 m4P (a) and V0 ∼ 4 × 10
−2 m4P
(b). And like the case of the exponential potential while α is dimensional value m2P/16pi ≡ 1.
And the results are presented in Fig. 1: panels (a)–(c)
represent examples of the initial condition space where
grey point reflects initial condition leading to inflation
(in the sense we noted above) and black one corresponds
to recollapse. These figures are plotted for the case
M ∼ mP and q = 2 (a), q = 6 (b) and q = 8 (c).
In Fig. 2 we represent the final plot – with the degree of
inflationarity on y axes and the power q on x axes. There
are three curves: I corresponds to the case M ∼ mP ,
II – M ∼ 0.7 mP and III – M ∼ 0.4 mP . Note that in
this case – inverse power-law potentials – we use angular
measure only because in field measure the space of initial
conditions is unbounded.
One can see from Fig. 1 (a)–(c) the areas are asymmet-
ric with respect to φ = 0. It’s due to the parametriza-
tion – from (*) one can see that positive φ corresponds to
positive ϕ˙ so we start in this case ”down” the potential,
at the same time negative φ corresponds to negative ϕ˙
and so we start ”up” the potential. Namely due to this
effect the area of inflationary solutions on the space of
initial conditions is so asymmetric.
C. Exponential potential
Other interesting potential is an exponential one [20]
V (φ) = V0 exp(−λϕ).
Potentials of such a kind naturally appear in high-
energy physics in theories with Kaluza-Klein compact-
ification, superstrings and supergravity theories [30] and
higher orders gravity theories [29]. This potential is also
well-known in flat case for its tracker property and for
some implications for observational cosmology [19, 25,
31].
Our results are the same for a wide enough range of
V0 ∼ m
4
P ÷ 10
−10 m4P . So we have only one free
parameter – λ and the results are plotted in Fig. 3. Ex-
ample of the area on initial conditions space plotted in
Fig. 1(d), where as in the previous cases black dot rep-
resents pair of initial (φ,H) not leading to inflation and
grey dot represents leading one. Here as well as in the
case of inverse power-law potentials we use only angular
parametrization – the initial ϕ is unbounded again.
D. ZWS potential
This potential
V (ϕ) = V0
[
exp
(
α
ϕ
)
− 1
]
was suggested by Zlatev, Wang and Steinhardt [32] while
exploring scaling solutions, where V0 and α are free pa-
rameters.
The dependence of the degree of inflationarity is plot-
ted in Fig. 4: the case for V0 ∼ 4 × 10
−4 m4P in (a)
panel and the case for V0 ∼ 4 × 10
−2 m4P in (b). Ar-
eas of initial conditions space leading and not to inflation
look like ones in the case of inverse power-law potential
(Fig. 1(a)–(c)). Due to the potential (runaway) we can
use only the trigonometrical measure.
E. ULM potential
This potential was first considered by L.A. Uren˜a-
Lo´pez and T. Matos [33] as a new cosmological tracker
solution for quintessence. One can say it behaves itself
like both exponential and inverse power-law potentials:
V (ϕ) = V0 sinh
−α(λϕ);
V (ϕ) = V0(λϕ)
−α for |λϕ| << 1,
50.0 2.0 4.0
I
II
III
6.0 8.0
α
0.0
20.0
40.0
60.0
80.0
N
0.0 2.0 4.0
I
II
III
6.0 8.0
α
0.0
20.0
40.0
60.0
N
a) b)
FIG. 5: ULM potential: the dependence of the degree of inflationarity on α for fixed V0 = 4 × 10
−3 m4P in panel (a) and for
fixed λ = 0.7 m−1
P
in panel (b).
V (ϕ) = 2α V0e
−λϕα for |λϕ| >> 1
so its asymptotic behavior corresponds to an inverse
power-law-like potential at early times and to an expo-
nential one at later times.
The space of initial conditions is like the inverse power-
law case (Fig. 1 (a)–(c)), and we have again only trigono-
metrical measure. The results for the degree of inflation-
arity are plotted in Fig. 5 with very degree on y axes
and α on x axes. In this case we have two parameters –
V0 and λ and it’s easily to understand the influence of
them by fixing one of them and varying another one.
Following its in (a) panel we fix V0 = 4 × 10
−3 m4P
and vary λ: λ = 0.7 m−1P (I), λ = 0.5 m
−1
P (II) and
λ = 0.21 m−1P (III); in panel (b) we fix λ = 0.7 m
−1
P and
vary V0: V0 = 4 × 10
−2 m4P (I), V0 = 4 × 10
−3 m4P
(II) and V0 = 4 × 10
−4 m4P (III).
F. FCDM potential
This potential can describe both quintessence and new
form of dark matter called [23] frustrated cold dark matter
(FCDM) due to its ability to frustrate gravitation clus-
tering at small scales. On this way it can help in solving
some problems with dwarf galaxies halos [24].
Like previous one it have two asymptotic forms:
V (ϕ) = V0(coshλϕ− 1)
p;
V (ϕ) ≃ V˜0 e
pλϕ for |λϕ| >> 1 (ϕ > 0),
V (ϕ) ≃ V˜0(λϕ)
2p for |λϕ| << 1,
where V˜0 = V0/2
p.
In this case like in previous one we have two free pa-
rameters (while p = 0 ÷ 1): V0 and λ. The space of
initial conditions with the area of initial conditions lead-
ing to inflation looks like in the case of inverse power-law
(see Fig. 1 (a)–(c)) in the trigonometrical parametriza-
tion case and for field parametrization (enjoy! for this
potential we have field parametrization!) examples are
presented in Fig. 1(e) and Fig. 1(f). And in Fig. 6 we
have presented the dependence curves of the ratio of in-
flationary solutions to all possible ones on p (p ∈ [0, 1]).
The dependence of the degree of inflationarity on both V0
and λ is hard to describe so we have presented the influ-
ence of V0 and λ on the curve when one of them is fixed
and rest one is variable (as in the previous case). As we
have noted above, in this case we have a deal with both
field and angular measures. And one can see that the
curves behave themselves differently in these measures.
Very results are presented in Fig. 6: panels (a)–(c)
correspond to the case of field parametrization and pan-
els (d)–(f) correspond to the case of trigonometrical
parametrization. Let us describe them: in Fig. 6(a)
and 6(d) there are dependence curves of the degree of
inflationarity on λ for V0 = 4 × 10
−7mP and curves are:
λ = 0.7m−1P (I), λ = 7m
−1
P (II) and λ = 30m
−1
P (III).
In Fig 6(b) and 6(e) we again fixed V0 = 4 × 10
−4mP
and λ = 0.7m−1P (I), λ = 7m
−1
P (II) and λ = 30m
−1
P
(III). To understand the influence of V0 on the depen-
dence curve one can compare these two cases as well as
use Figs. 6(c) and 6(f), where we fixed λ = 7m−1P and
curves are V0 = 4 × 10
−4mP (I), V0 = 4 × 10
−7mP (II)
and V0 = 4 × 10
−10mP (III). One can see that in the
limit of small V0 all dependence curves are similair each
other.
So from Fig. 6 (a)–(f) one can determine values for
λ and V0 which correspond to large enough degree of
inflationarity.
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FIG. 6: FCDM potential: the dependence of the degree of inflationarity on V0 and λ; (a)–(c) correspond to the case of field
parametrization and (d)–(f) correspond to the case of trigonometrical parametrization. See text for detailed description of the
panels.
IV. SUMMARY AND DISCUSSIONS
In this paper we have investigated a wide class of the
quintessence potentials from the point of view of the gen-
erality of inflation. Some of these potentials are moti-
vated via particle physics (for review see, for example,
[17]) and most of them were also studied recently from
the point of view of scaling or tracker solutions. So here
we have made some tests of them – are they able to pro-
vide our Universe with inflation? And in this way we ob-
tained the answer – yes, closed FRW models filled with
the scalar field with these potentials experience inflation
for a wide enough range of their parameters. So inflation
is general for a wide enough class of the cosmological
models.
As we have a deal with closed model, the degree of
inflationarity is smaller then in flat (and of course open)
case – at the early stage of the Universe’s evolution the
scale factor was small so presence of nonzero curvature
might change the situation significantly. But we have
seen that even in the case of positive spatial curvature
potentials we have considered behave itself well from this
point of view and the inflation is not suppressed in models
filled with the scalar field with these potentials. The
inflation in closed models was recently studied in the case
of pure Λ-term [34] and they also have a result that the
inflation doesn’t suppress.
In this paper we used as determination of inflation the
situation when the scale factor increases in 105 times
(about 12 e-foldings) and this approximation works well.
For some cases we have checked its up to 1025 (about 57
e-foldings) and the results are the same with precision
about 0.04%. So our approximation works well.
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